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Using first-principles calculations within density-functional theory �DFT�, we investigate the effect of Bi
doping in ultrathin Pb�111� films on tuning the quantum size effects �QSEs� of random metal alloy films. Our
results show that the QSE of Pb films, as manifested by the oscillatory surface energy, work function, interlayer
spacing, and stability with film thickness, are robust against the introduction of random scattering centers
doped in the films. Specifically, the stability and the work function of the ultrathin random-alloy films exhibit
obvious quantum oscillations up to �20% Bi doping. The periodicity of the beating pattern of QSE oscillations
can be tuned via the concentration of the doped Bi atoms through changing the Fermi wave vector. For
Pb0.89Bi0.11 alloy films, the role of the substrates of Si�111� and Ge�111� is also studied and the results are
consistent with our recent experimental studies.
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I. INTRODUCTION

In both nanoscience and nanotechnology, one of the key
issues in achieving desired functionalities within quantum
engineering is to control the material size at the nanoscale.
The phrase “quantum engineering” generally refers to the
possibility of creating novel electronic structures through
atomic-scale control of quantum-mechanical boundary con-
ditions, and recent experimental developments in the epitax-
ial growth of metallic thin films have offered such a possi-
bility. It has been found that some metals can form
atomically “flat” continuous films or large islands with
atomically flat tops with selective heights.1–4 More impor-
tantly, it has been found that the properties of these films
such as the work function,3 thermal expansion,4 chemical
reactivity,5,6 superconducting transition temperature Tc,

7,8

and electron-phonon coupling9,10 can all strongly depend on
the film thickness. This indicates that the properties of the
films can be adjusted by controlling the film thickness at the
atomic scale and such epitaxial systems include
Ag/GaAs�110�,2 Ag/Si�111�,11 Ag/Fe�100�,12 Pb/Si�111�,13–23

Pb/Cu�111�,24 Pb/Ge�100�,25 and Pb/Ge�111�.26 This interest-
ing phenomenon is commonly attributed to the quantum size
effects �QSEs�.27–30 Due to the small dimension perpendicu-
lar to the metallic films and the confinement of the interfaces,
the electronic energy bands are discretized and form
quantum-well states �QWSs� along the vertical direction.31–39

The QWS can lead to the oscillatory dependence of the film
total energy on its thickness, instead of the linear dependence
on thickness for very thick films. This oscillatory behavior
implies that a thin film with a certain number of layers may
be energetically favorable and hence become atomically flat.
In comparison with other films, the Pb�111� films exhibit one
striking feature: the QSE is very robust as the preferred
thickness can be over 30 monolayers �MLs�.39 The reason for
this uniqueness is that Pb’s Fermi wavelength, �F, is almost

perfectly commensurate with the interlayer spacing d along
the �111� direction, given by 2.07d�3�F /2. The accidental
matching of the electronic and crystallographic length scales
results in re-entrant bilayer-by-bilayer �RBBB� growth under
appropriate kinetic growth conditions. The RBBB growth
mode represents a novel quantum growth phenomenon that
is characterized by a strong preference for bilayer growth
with periodic interruptions of a monolayer �or even a
trilayer30�. The periodic interruption of the bilayer growth
follows a well-defined beating pattern with a superperiod of
9 ML, which is due to the fact that �F and d are not exactly
commensurate. This suggests the possibility of altering the
quantum growth mode by tuning the Fermi wave vector kF
through doping different amount of other metals, which can
extend the concept of electronic growth to multicomponent
nanostructures.

In this paper, we have carried out density-functional
theory �DFT� calculations of the QSE of PbBi alloy films up
to 40 ML. Considering that the atomic radii of the doping
elements should be close to that of Pb �to minimize local
strain effects�, we choose Bi as the doping element in our
studies. Each Bi atom has five outmost electrons as conduc-
tion electrons, one more than that of a Pb atom. We therefore
call this kind of dopant in Pb “n-like dopant,” just like the n
doping in semiconductors. Our calculations have shown that
the QSE of the PbBi alloy films is robust against Bi doping
up to 20% and the spatial distribution of the dopants only
have a marginal effect. Moreover, we find the periodicity of
the beating pattern of the QSE oscillation can be tuned by the
Bi doping level, which can be fully explained by the change
in the Fermi wave vector kF. Finally, the effects of substrate
are considered and the calculated results agree near perfectly
with our recent experiments.

The paper is organized as follows. In Sec. II we briefly
describe our calculation methods. In Sec. III we present the
calculated results of Pb1−xBix�111� �x=6%, 11%, and 14%,
respectively� alloy films. Surface energy and stability of the
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alloy films are discussed with respect to the thickness. In
Sec. IV the influence of the substrate Si�111� and Ge�111� is
studied. In Sec. V, we show that, when the Bi concentration
is low, a simple free-electron model can already capture the
essence of the QSE in PbBi alloy films and explain most of
the DFT results, especially the change in the beating pattern
period of QSE oscillations. Discussions and conclusions are
summarized in Sec. VI.

II. CALCULATION METHODS

A. General description

Our calculations are based on DFT. The Vienna ab initio
simulation package �VASP� is used to solve the Kohn-Sham
equations with periodic boundary conditions and a plane-
wave basis set.40–44 We use the Perdew-Wang version45 of
the generalized gradient approximation �GGA� to treat the
electron exchange and correlation functional. In our calcula-
tions, the 6s and 6p electrons of the Pb and Bi atoms are
treated as valence electrons and the 5d electrons treated as
core ones. For the Si�Ge� atom, the valence electrons are
chosen to be the 3s�4s� and 3p�4p�. Default plane-wave cut-
offs �144 eV� from the GGA ultrasoft pseudopotentials are
used in our calculations.46 The Monkhorst-Pack scheme47 is
adopted for the Brillouin-zone �BZ� sampling. To accelerate
the electronic relaxation, we apply the Fermi-level smearing
approach of Methfessel and Paxton48 with proper parameters.
With the above setting, the lattice constants for bulk Pb, Si,
and Ge are calculated to be 0.504 nm, 0.543 nm, and 0.576
nm, respectively. These values are larger than the experimen-
tal values for Pb, Si, and Ge by 1.8%, 4%, and 1.7%, respec-
tively. In all the calculations, the spin-orbit coupling is
neglected.39 In our slab model, the vacuum layer between
neighboring periodic slabs is fixed at 12 ML, which is large
enough to ensure the decoupling of repeated slabs.

B. Specifics for different doping levels and substrates

For alloy films with dilute dopants, the supercells should
be very large in order to describe the random distribution of
the dopants, resulting in several hundred atoms in each unit
cell. It is impossible to perform such ab initio calculations
due to the limitation of computing power. So to study the
QSE of alloy films we use smaller supercells with proper
distributions of dopants in different layers of the alloy films.
In the calculations of freestanding Pb1−xBix alloy films, we
use different kinds of supercells to simulate the different al-
loy compositions. We use 4�4, 3�3, and �7��7 unit cells
along the �111� direction of Pb and replace one Pb atom by a
Bi atom in each layer so that they correspond to 6%, 11.3%
and 14% Bi doping, respectively.

The Brillouin-zone sampling is done with 5�5�1
k-point meshes and the results are cross checked by using
7�7�1 k-point meshes for the 3�3 supercells, i.e., the
Pb0.89Bi0.11 alloy film. We use 6�6�1 and 9�9�1 k-point
meshes for the 4�4 and �7��7 supercells, respectively. All
the atoms in the supercells are fully relaxed until all the
forces on the relaxed atoms are less than 0.03 eV /Å.

We also study the influence of the Si�111� and Ge�111�
substrates on the Pb0.89Bi0.11�111� alloy film. Since the mis-
match of the lattice constants between the PbBi alloy and the
substrate is about 8% for Si and 11% for Ge, it impossible to
carry out direct first-principles calculations for these epitax-
ial systems. Similar to our previous efforts30 to overcome
this problem, we use a Si�111�-�7��7 surface unit cell to
match the Pb1−xBix�111� �3�3� film by rotating the substrate
by 19.1°, resulting in a perfect lattice match at the interface.
Although this rotation is rather artificial, the Si or Ge sub-
strates still retain their semiconducting properties because we
have only compressed the substrate to reach lattice match.19

To be more specific, the Pb1−xBix /Si�Ge��111� system is
modeled by a series of 3�3 PbBi supercells on a ten-layer
Si�Ge��111�-�7��7-R19.1° substrate. For the Si�Ge��111�
layers, the six layers of Si�Ge� atoms near the
Pb1−xBix /Si�Ge��111� interface are allowed to relax and the
remaining four layers at the bottom are fixed at their respec-
tive bulk positions. The Brillouin-zone sampling is done with
a 3�3�1 k-point mesh and the energy convergence is
reached when all the forces on the relaxed atoms are less
than 0.05 eV /Å.

C. Surface energy and the stability of alloy films

We first calculate the total energies of films of different
thickness. This total energy can be viewed as the energy of
the bulk alloy with the same thickness and the small devia-
tion from this energy caused by the two film interfaces. As a
result, these total energies should increase linearly with the
film thickness modulated by some small fluctuations. We
then fit the data with a linear function and after subtracting
the linear part from the total energies, we are left with the
small fluctuations of the total energies, which are the desired
surface energies.49–51

For an alloy film of N layers, the total energy of the film
with two opposite surfaces is labeled as Etotal�N�. Then the
surface energy Es of the film can be written as

Es = 1/2�Etotal − NEbulk� . �1�

In order to discuss the stability of the film, we define a quan-
tity, the second difference of Es, by

�2E�N� = Es�N + 1� + Es�N − 1� − 2Es�N� . �2�

If �2E�N��0, the film of N MLs is stable, otherwise the film
is unstable.29,30 As a film grows thicker, its properties ap-
proach those of its bulk. In other words, for a thick film, its
properties should change little with the addition or removal
of 1 ML. Therefore, we expect that for large N the second
difference �2E�N� is very small, ��2E�N���1. Reversely,
when ��2E�N���1 for a given layer number, we say that the
film of N MLs is bulk like. Then the films will grow layer by
layer.

III. TUNING THE QUANTUM STABILITY OF ULTRATHIN
METAL ALLOY FILMS

A. Lattice constants of the alloy films

Before we begin to study the stability of the alloy films,
we first calculate the lattice constants of alloy films with
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different doping concentration. Two methods are adopted to
calculate the lattice constants for a given doping concentra-
tion. One is that we choose a different m�n� l unit cell as
the bulk case, such as 3�3�3, 3�3�2, 2�2�4, 2�2
�3, 2�2�2, and 2�2�1. In each unit cell, one Pb atom
is replaced by one Bi atom and therefore the doping concen-
tration corresponds to 3.7%, 5.5%, 6.2%, 8.3%, 12.5%, and
25%, respectively. The lattice constants of the alloys are de-
termined by minimizing the total energy of the supercells.
From these calculated results, we can obtain the lattice con-
stant for a given doping content by using the interpolation
method. Another method to calculate the lattice constants is
that we can utilize an m�m�3 supercell. This supercell
corresponds to three layers in the �111� direction and an m
�m cell in the �110� and �101� directions because of the
three-layer period along the �111� direction for fcc metals.
This method is limited to this study because our interest is
Pb�111� alloy films. In this case, one Pb atom was replaced
by a Bi atom in each supercell and the doping content is
1 /m2, e.g., we use the �7��7�3 supercells to describe the
Pb0.86Bi0.14 alloy films. We found both methods provide al-
most identical lattice constants in our total-energy calcula-
tions. The results are listed in Table I for some concentra-
tions of Bi atoms in Pb. Clearly, the lattice constants of PbBi
alloys will become larger than pure Pb.

B. QSE of Pb0.89Bi0.11 free-standing alloy films

It can be observed from the phase diagram of the PbBi
binary alloy52 that the alloy will keep the face-centered-cubic
structure as the Bi concentration goes up to �20% at the
temperature of 100–200 K. Therefore, we focus on the con-
tents ranging from 5% to 20% for easy comparison with
further experimental studies.

We begin with studying the QSE of Pb1−xBix�111� alloy
films with x=0.11, which has been recently prepared by our
group in epitaxial growth.53 In these alloy films, the ratio of
the Pb and Bi atoms is about 8:1. Before studying the QSE of
Pb0.89Bi0.11�111� alloy films, it is necessary to discuss the
validity of DFT calculation in describing the stability of al-
loy films by utilizing finite supercells. To this end, we first
consider the influence of the distribution of Bi in PbBi alloy
films on the stability of films for a given thickness. For the
doping content of x=0.11, the average distance between the
nearest-neighbor bismuth atoms should be about 0.74 nm if
we assume that Bi atoms distribute randomly in the bulk Pb.
This distance is larger than the third nearest-neighbor dis-
tance of Pb atoms. Therefore we conclude that the Bi-Bi
interaction in random-alloy films should be weaker.

In our DFT study to simulate film growth of Pb0.89Bi0.11
along the direction �111�, we adopt the 3�3 supercell in

which one of the nine Pb atoms in each layer is replaced by
a Bi atom to model the structure of the alloy. Since there is
only one Bi atom in each layer, the distance between the two
Bi atoms in the base plane is about 1.07 nm. Thus, the inter-
action between Bi atoms in the base plane should be negli-
gible. Concerning the distance between Bi atoms located at
neighboring layers, we consider two extreme cases of Bi
distribution. One is that the Bi atoms are well distributed
among the Pb atoms and the distance between Bi atoms in
neighboring layers is kept as far as possible. In this case, the
distance of Bi atoms in two neighboring layers is about 0.62
nm and it is reasonable to assume that the interactions be-
tween the Bi atoms are sufficiently weak. Figure 1�a� shows
the top view of a five layer Pb0.89Bi0.11�111� alloy film along
the. The other case is that the Bi atoms are arranged orderly
along the �111� direction and Bi atoms in the neighboring
layers are the nearest neighbors, as shown in Fig. 1�b�. Ob-
viously, the interaction between Bi atoms in the neighboring
layers is strong in this case.

Figures 2�a� and 2�b� show the surface energy from our
DFT calculations for the Pb0.89Bi0.11�111� alloy films as a
function of the film thickness. The two curves represent two
extreme cases in the Bi distribution discussed above. Figure
2�a� represents the second case where the average Bi-Bi dis-
tance is maximized, whereas Fig. 2�b� represents the first
case where the average Bi-Bi distance is minimized �within
the constraint of a 3�3 supercell�. We found that the total
energy of the latter is always higher than the former for a
given thickness. In terms of the surface energy, the latter is

TABLE I. Lattice constants �a� of Pb1−xBix alloys at different Bi concentrations �x� from our DFT
calculations. The lattice constant units are in Å.

Pb1−xBix

x 0.00 0.06 0.11 0.14 0.25

a 5.040 5.048 5.056 5.060 5.063

FIG. 1. �Color online� Schematic plot of the structures of
Pb0.89Bi0.11�111� alloy film, showing the distribution of Bi atom in
Pb. In each layer, one of nine Pb atoms is replaced by one Bi atom.
�a� The �111� layers are stacked to maximize the average Bi-Bi
distance. �b� The �111� layers are stacked to minimize the average
Bi-Bi distance.
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about 0.034 eV /A2 while it is 0.032 eV /A2 for the former
at a large thickness. So the configurations with maximum
Bi-Bi distance are energetically more stable. It is evident that
the surface energy of both types of slabs oscillates with a
quasibilayer periodicity, similar to the case of pure Pb�111�
films.30 The Bi distribution seems to have only a marginal
effect on the oscillation, although the quantum oscillations
are slightly more robust when the average spacing between
Bi atoms is maximized. The even-odd crossover in the thin-
film stability occurs near 12 ML. Although the use of a 3
�3 plane in the supercells for the DFT calculations implies
that the Bi atoms are still ordered, it is very unlikely that
completely random alloying would produce significantly dif-
ferent results, given the fact that these two cases already
represent two extremes in the Bi distribution. So, we believe
that the DFT calculations can accurately describe the QSE of
alloy films by using a finite supercell size and in the follow-
ing calculations we only consider the situation that the Bi-Bi
distances are maximized.

As shown above, the sequence of the stable films are at 2,
4, 6, 8, 10, 12, 13, 15, 17, 19, 21, 23, 25, 26, 28, and 30 ML
while the crossovers are located at 12 ML and 25 ML, re-
spectively. The beating periodicity becomes 13 ML, which is
larger than the 9 ML beating periodicity for pure Pb�111�
films and this is in agreement with the experimental
observations.53

We have seen that the film stability depends strongly on
the alloy film size as the film surface energy oscillates with
the film thickness. It is natural to expect that the work func-
tion also depends on the film thickness, deviating from its
standard value which is defined for a semi-infinite film. The

results of the work functions of free-standing
Pb0.89Bi0.11�111� alloy films as a function of the film thick-
ness are plotted in Fig. 3. From the figure, the first thing to
observe is that the work function of the Pb0.89Bi0.11�111� al-
loy film is found to be about 3.8 eV when the film thickness
is more than 25 ML, close to bulk value as expected. This
work function is smaller than that of pure Pb�111� films,
which is 3.9 eV in our DFT calculations. The decrease in
work function can be understood by realizing that the Bi
dopants bring additional free electrons to the system. Sec-
ond, we observe the even-odd oscillations of the work func-
tion with the thickness of the films up to 25 ML and the
even-odd oscillations are interrupted twice by crossovers ow-
ing to the QSE. The crossovers are at the sixth and the 19th
layers, so the separation between the crossovers is about 13
ML. Compared with that in the oscillation of surface energy,
this beating period in the work-function oscillation is the
same but the phases of the beating patterns are different. The
location of the crossovers of the work function have a shift
of 1/2 beating period compared to the surface energy, lying
in the middle of the two crossovers of the surface energy.
This discovery is similar to the case of pure Pb films as we
have reported in Ref. 30, as well as Pb films on the Si�111�
or Cu�111� substrate. Very recently, Miller et al.54 presented
an explanation about this effect based on the free-electron
model of Pb films and the present work further generalizes
its applicability to the PbBi alloy films.

C. Free-standing Pb0.94Bi0.06 and Pb0.86Bi0.14 alloy films

To investigate the influence of the concentration of the Bi
dopants on the quantum size effect, we further calculate the
surface energy of the other two free-standing Pb1−xBix alloy
films with x=0.06 and 0.14 up to 34 ML. We use a 4�4 and
a �7��7 supercell, respectively, and one Pb atom is re-
placed by one Bi atom in each layer of the supercell. Figures
4�a� and 4�b� show the results of the surface energy and its
second derivative of the Pb0.94Bi0.06 alloy film as a function
of thickness. Similar to the results of the Pb0.89Bi0.11 alloy
film, the surface energy also demonstrates the bilayer oscil-
lations interrupted by crossovers. However, the separation

FIG. 2. �Color online� Surface energy of a free-standing
Pb0.89Bi0.11�111� alloy slab obtained from DFT calculations. �a� The
surface energy of a slab in which Bi atoms are all nearest neighbors
in the adjacent �111� layers and �b� the surface energy for maximum
Bi-Bi separation.

FIG. 3. �Color online� Work function of free-standing
Pb0.89Bi0.11�111� alloy film.
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between the crossovers is 10 ML and the first crossover lo-
cates at the tenth layer, which decreases by 3 ML compared
to the case of Pb0.89Bi0.11 alloy film. From Fig. 4�b�, it can be
seen that the films are stable at 2, 4, 6, 8, 10, 11, 13, 15, 17,
19, 21, 22, and 24 ML, and the crossovers are located at 10
and 21 ML.

In Figs. 5�a� and 5�b� we show the results of surface en-
ergies and its second derivatives for Pb0.86Bi0.14 films. The
odd-even oscillation of the surface energy with the film
thickness still exists and the magnitude of the oscillation is
still relatively large as the film thickness increases up to 20
ML. It is therefore expected that the RBBB growth can be
observed experimentally as the doping content increases up
to 14%.

For easier comparison, in Table II we list the stability of
freestanding Pb1−xBix �x=0.00,0.06,0.11,0.14� alloy films
and Pb0.89Bi0.11 alloy films on the Si�111� substrate. We use
“S” and “U” to denote the stable and unstable films, respec-
tively, and “C” for the position of the crossovers. It is clearly
seen in Table II that the stability of the alloy films pursues
the bilayer oscillation pattern as the Bi doping content in-
creases up to 14% in the alloy films. However, there are
some differences in the details of the patterns between dif-
ferent Bi doping levels. By increasing the content of Bi from
11% to 14%, the beating periodicity shifts from 13 to 16 ML.
A simple explanation based on the free-electron theory can
be given as follows: As the content of the doping Bi is in-
creased, the Fermi wave vector of the alloy films becomes
larger, which leads to a better commensurability between the
Fermi wavelength and the interlayer spacing and therefore a
larger beating periodicity. Another observation from Table II
is the magnitudes of the quantum oscillations become
weaker when the content of the Bi dopants is increased. This

is consistent with recent experimental observations which
show the bilayer-by-bilayer growth mode in the
Pb0.8Bi0.2�111� alloy films disappears.53

The work function is also influenced by the content of Bi
dopants. The results of the Pb0.86Bi0.14 alloy films are plotted
in Fig. 6. The even-odd oscillations of the work function
persist. Given a thickness of the alloy films, the work func-
tion is negatively correlated with the Bi dopant content. For
example, the work function of the Pb0.86Bi0.14 alloy film with
the thickness of 25 ML is about 3.70 eV while it is 3.80 eV
for the lower doped Pb0.89Bi0.11�111� alloy film with the
same thickness. This may be explained by the presence of
more free electrons when Bi dopants are increased in lead,
which results in an upshifting of the Fermi energy toward the
vacuum level and hence reduced work function. The cross-
over positions of the oscillatory work functions of the two
kinds of alloy films, along with that of the free-standing
Pb�111� films, are listed in Table III. We see that the posi-
tions of the crossovers of the work functions have a phase
shift of about half of the beating period comparing with that
of the corresponding surface energy.

IV. ROLE OF Si(111) AND Ge(111) SUBSTRATES

To make a better comparison with our recent experiments
on the quantum growth of Pb0.89Bi0.11�111� alloy films on
Si�111� substrate, it is important to discuss the role of sub-
strates on the QSE of the PbBi�111� alloy films theoretically.
As mentioned in Sec. II B, there exists a large mismatch
between the lattice constants of the Pb0.89Bi0.11 alloy film and
the Si�111� or Ge�111� substrates. The large mismatch may
result in a stress effect at the interface and bring some arti-
ficial errors in the calculated results if we squeeze the lattice

FIG. 4. �Color online� �a� Surface energy of a free-standing
Pb0.94Bi0.06�111� alloy film. �b� The discrete second derivative of
surface energy of the free-standing Pb0.94Bi0.06�111� alloy film.

FIG. 5. �Color online� �a� Surface energy of a free-standing
Pb0.86Bi0.14�111� alloy film. �b� The discrete second derivative of
surface energy of the free-standing Pb0.86Bi0.14�111� alloy film.
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of substrate to match that of the Pb0.89Bi0.11 alloy films. To
overcome this problem, we use a Si�111�-�7��7 surface
unit cell to match the Pb0.89Bi0.11�111�-3�3 unit cell by ro-
tating the substrate by 19.1°, leading to a almost perfect lat-
tice match at the interface, shown in Fig. 7. However it still
results in a mismatch of the lattice constants of about 3% at
the interface. Before the recent studies of quantum growth of
ultrathin metal films, people generally thought that the ef-
fects of stress is the most important factor in heteroepitaxial
growth. While this is true for semiconductors and insulators,
the electronic driving force can be much stronger than the
strain effects in dictating the growth modes in the ultrathin
film regime.55 Lead is known to be a soft metal and the strain
energy built up in the film as the film thickness increases is
therefore much weaker than the electronic effects and can be
ignored. For this reason, we have chosen to expand the Si
substrate by �3% after the rotation for perfect lattice match-
ing. This choice introduces a finite but constant strain energy
term associated with the substrate but no related strain en-
ergy buildup in the metal films. Therefore, the constant strain
energy term does not affect the conclusions and predictions
of our theoretical study, as reflected by the excellent agree-
ment with the experimental observations. We also note that,
as pointed out in our earlier study,30 such a small degree of
lattice expansion does not alter the fundamental semiconduc-
tor nature of Si.

In calculations, we obtained almost the same results for
Pb0.89Bi0.11�111� alloy films on Si�111� or Ge�111� sub-
strates. Figures 8�a� and 8�b� show the surface energy and its
second derivative of the Pb0.89Bi0.11�111� alloy films on the
Si�111� substrate. Similar to the free-standing Pb0.89Bi0.11 al-
loy films discussed above, there are also bilayer oscillations
interrupted by crossovers in this system. The separation be-
tween the crossovers is the same as the free-standing alloy
film but the positions of the crossovers are located at the
seventh and the 20th MLs, respectively, which are different
from the case of the free-standing alloy film. We find that the
stable films are 3, 5, 7, 8, 10, 12, 14, 16, 18, 20, 21, 23, and
25 ML from Fig. 8�b�. These results agree almost perfectly

with a recent experiment of the Pb0.89Bi0.11�111� alloy films
on the Si�111� substrate.53 �In the experimental results, the
1-ML-thick wetting layer is excluded from the thickness
counting, see Ref. 26�. This indicates that our first-principles
calculations have successfully described the essential physics
of Pb0.89Bi0.11 alloy films growth on the Si�111� substrate.

Finally, the crossover positions and the separation of the
crossovers are different due to the different concentrations of
the dopant and the substrates as well. We also list the cross-
over positions for both the surface energy and work function
of Pb0.89Bi0.11 alloy films on the Si�111� substrate in Table II.

V. FREE-ELECTRON MODEL

For pure Pb�111� films, the free-electron model has been
used to understand the QSE in their growth behaviors.27,29

According to the free-electron model, the bilayer oscillations
are the results of the ratio kF :kBZ�4:3 �kBZ=� /d0� in the
Pb �111� films, where d0 is the lattice plane spacing along the
�111� direction. However, its equivalence to 4/3 is only ap-
proximate and a small deviation from the exact 4:3 ratio will

FIG. 6. �Color online� Work function of the free-standing
Pb0.86Bi0.14 alloy film.

TABLE II. Comparison of the stabilities of Pb1−xBix alloy films both for free standing and on Si�111� substrate, together with the case of
pure Pb films. S stands for stable and U for unstable. Crossovers are indicated by C. The wetting layer is included in the table for the films
on Si�111� �or Ge�111�� substrate.

Substrate Content

Layer number of Pb1−xBix alloy films

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

Free standing x=0.00 U S U S U S C C S U S U S U S C C S U S U S U S S

x=0.06 U S U S U S U S U C S U S U S U S U S C U S U S U

x=0.11 U S U S U S U S U S U C C U S U S U S U S U S U S

x=0.14 U S U S U S U S U S U S U S C U S U S U S U S U S U

Si�111� or
Ge�111�
substrate

x=0.00 a S U C S U S U S U S C U S U S U S U S U C S

Expt.bx=0.00 S U S U S U S C C S U S U S U S U C S

This work x=0.11 S U S U S C C S U S U S U S U S U S U C C S U S U S

Expt.c x=0.11 C C S U S U S U S U S U S U C C S U S U S

aReference 26.
bReferences 13 and 26.
cReference 52.
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accumulate as the film grows thicker, leading to the appear-
ance of crossovers. The beating period of the crossovers is
then given by

�beat =
�

3kBZ − 2kF
. �3�

By using the experimental value of kBZ �1.59 Å−1� and d0
�2.84 Å� in Pb�111�, we can obtain the beating period of the
crossovers from Eq. �3�, which is 9.3 ML.

Can we at least understand the above DFT results quali-
tatively with this free-electron model? Since the lattice con-
stant of PbBi alloy does not change much as one varies the
concentration of the Bi atoms from our calculations, the
change in the beating period should be mainly caused by the
change in kF due to the metal dopants. In the free-electron
model, the Fermi wave vector is given by56

kF = �3�2n�1/3, �4�

where n is the electron density. In Pb1−xBix�111� alloy films,
the free-electron density is approximately given by the for-
mula

nPb1−xBix
= �1 − x�nPb + xnBi. �5�

Since bismuth has five valence electrons and lead has four,
we take nBi=5 /4nPb approximately. From Eqs. �3�–�5�, we
can obtain the beating period of Pb1−xBix alloy film for dif-
ferent contents of Bi. For example, for x=0.11, the electron
density will be increased by 2.75% compared to the pure Pb
films. This in turn increases the Fermi wave vector by 0.9%
and the associated beating period should increase from 9.3 to
12.7 ML, calculated by Eq. �3�. This is in excellent agree-
ment with both the experimental and our DFT results,
namely, 13 ML.

The beating periods for various contents of Bi calculated
using the free-electron model, together with the DFT results,
are plotted in Fig. 9. In the cases of low doping content, we
can find from Fig. 9 that the free-electron model is in good
agreement with DFT results.

When the doping level increases, the results of the free-
electron model deviate from the DFT results. This can be
understood by the fact that there will be more scattering cen-
ters with more dopants in the lead films. To show this point
clearly, we have also calculated the charge distributions
around the Bi atoms in Pb�111� films by using a 3�3�12
supercell. The calculation was done by the following for-
mula:

���z� =	 	 �PbBi�x,y,z�dxdy −	 	 �Pb�x,y,z�dxdy ,

�6�

where x, y, and z are the coordinate of the supercell. Two
cases are considered in the calculations. One is that only one
Pb atom is replaced by Bi atom in the supercell and the other
in each monolayer. The results are shown in Figs. 10�a� and
10�b�, respectively. From Figs. 10�a� and 10�b�, we can see
that the extra charge prefers to be delocalized around Bi
atoms at a given doping level. However, as the doping level
increases, more and more scattering centers are introduced in

TABLE III. Crossover positions of Pb1−xBix�111� alloy films for three different concentrations.

Pb free standinga x=0.00 x=0.06 x=0.11 x=0.14

First Second Third First Second Third First Second Third First Second Third

ES 8 17 26 10 20 12 25 15

WF 4 13 22 5 15 25 6 19 8 24

aReference 30.

FIG. 7. �Color online� Top view of interface structure of
Pb0.89Bi0.11�111� alloy films on Si�111�. It shows the match between
a �7��7 unit cell of Si �111� and a 3�3 unit cell of
Pb0.89Bi0.11�111� films.

FIG. 8. �Color online� �a� Surface energy of a Pb0.89Bi0.11 alloy
film on Si�111� substrate and �b� the discrete second derivative of
surface energy of the Pb0.75Bi0.25 alloy film on Si�111�.
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the PbBi films, resulting in invalidation of the free-electron
model.

VI. SUMMARY AND DISCUSSIONS

Using density-functional theory calculations, we have
studied the effect of doping Bi in Pb�111� ultrathin films on
tuning the quantum size effects of the ultrathin random-alloy
films. The influences of different doping levels and substrates
have also been explored. Our results demonstrate that the
QSE of the Pb�111� film is very robust against the introduc-
tion of random dopants inside the film. Specifically, the sta-
bility of ultrathin Pb1−xBix�111� random-alloy films exhibits
strong quantum oscillations up to 20% Bi dopant concentra-
tion and the spatial distribution of the dopants only has a
marginal effect on the thin-film stability. Our theoretical re-
sults also show that the periodicity and phase shift of the
beating patterns of the oscillations are determined by the
Fermi wave vector, which can be tuned via the dopant con-
centration and the substrate as well. The calculated crossover

positions and the beating periodicity of the stability of the
Pb0.89Bi0.11 alloy films are in good agreement with our recent
experimental observations.
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